Abstract. Let A be the generator of a C 0 -semigroup T on a Banach space of analytic functions on the open unit disc. If T consists of composition operators, then there exists a holomorphic function G : D → C such that Af = Gf ′ with maximal domain. The aim of the paper is the study of the reciprocal implication.
Introduction
Let Ω be a non-empty open and connected subset of C and let X be a complex Banach space which embeds continuously in the Fréchet space of all holomorphic functions on Ω which we denote by Hol(Ω). Given a holomorphic global semiflow ϕ : R + × Ω → Ω, in many cases, T (t)f = f • ϕ(t, ·) defines a C 0 -semigroup T on X. Its infinitesimal generator A is of the form (1) D(A) = {f ∈ X : Gf ′ ∈ X} and Af = Gf ′ ,
where G ∈ Hol(Ω) is the infinitesimal generator of the semiflow. A non-exhaustive list of examples of Banach spaces on which global holomorphic semiflows induce a C 0 -semigroup of composition operators can be found in [5, 8, 6, 9] . Classical examples treated in the literature for Ω = D are weighted Hardy, Dirichlet and Bergman spaces, the disc algebra, VMOA and the little Bloch space.
In this paper, we study the reciprocal implication, namely:
given G ∈ Hol(Ω), if T is a C 0 -semigroup on X whose generator A satisfies D(A) = {f ∈ X : Gf ′ ∈ X} and Af = Gf ′ , is T necessarily a semigroup of composition operators?
In Section 3 we provide an example to show that without an extra hypothesis on X the answer is no in general. When X is the hilbertian Hardy space or Dirichlet space on D, provided T is quasicontractive, the answer is positive [3, 4] . The quasicontractivity condition can be removed. If Hol(D) embeds continuously in X, E. Gallardo-Gutiérrez and D. Yakubovitch [9] gave a positive answer to this problem.
In the present paper we give a positive answer to this problem with different conditions on the space X and we use an approach different from [9] . In fact, we are inspired by the theory of Ordinary Differential Equations, and this is one reason to consider general domains in C. Of course, by the Riemann mapping theorem, one can reduce the problem to the disc if Ω is simply connected and different from C (see more comments in Section 6).
The main result of Section 3 is Theorem 3.2 where we give a positive answer to our problem provided X satisfies the "evaluation condition" (E).
In Section 4 we restrict ourselves to bounded domains Ω whose boundary satisfies a weak regularity condition. A positive answer is given assuming that X contains the identity, that the domain of holomorphy Ω is maximal for X as well as a density condition (D) which is automatic when the polynomials are dense in X.
Our approach consists in considering the Cauchy problem
where G ∈ Hol(Ω) is an arbitrary function. The main point is to show that its solutions are global (i.e. for each z ∈ Ω the solution exists on [0, ∞)), whenever the operator A given by (1) generates a C 0 -semigroup on X. It turns out that for bounded domains the results established in Section 4 are most efficient. Indeed, for the classical Banach spaces such as Hardy, Dirichlet, Bergman, VMOA and little Bloch, we obtain a complete picture which is presented in the concluding Section 5.
Holomorphic semiflows
In this section we put together the essential properties of holomorphic semiflows. Let Ω ⊂ C be a non-empty open subset of C and G ∈ Hol(Ω). We consider the following initial value problem:
→ Ω we denote the unique maximal solution of (2) . Here τ (z) > 0 and if τ (z) < ∞ then there exists an increasing sequence (t n ) n in [0, τ (z)) such that lim n→∞ t n = τ (z) and (ϕ(t n , z)) n converges either to a point on the boundary of Ω or there exists such a sequence (t n ) n such that lim n→∞ |ϕ(t n , z)| = ∞. Of course the last case can only occur if Ω is unbounded. These are standard results in Ordinary Differential Equations, we refer to [10, Chap.8, [5] [6] [7] [8] . We call φ the semiflow generated by G. It satisfies the semigroup property
where t + s < τ (z). Note that this last condition holds if and only if s < τ (z) and t < τ (ϕ(s, z)). We call the semiflow global if τ (z) = ∞ for all z ∈ Ω. In that case (3) holds for all t, s ≥ 0 and z ∈ Ω. Moreover, 
for all z ∈ D.
The Evaluation Condition
Let Ω ⊂ C be a connected open set and let X be a subspace of Hol(Ω) which is a Banach space endowed with its proper norm · X . The following proposition describes the compatibility of the norm · X with the topology of Hol(Ω). If z ∈ Ω, then we denote by δ z : Hol(Ω) → C the evaluation at z; i.e.
We write δ z ∈ X ′ if there exists c ≥ 0 such that
Proposition 3.1 (Prop. 2.1 in [2] ). The following assertions are equivalent:
uniformly on each compact subset of Ω and all m ∈ N 0 , where
If these equivalent conditions are satisfied, we write X ֒→ Hol(Ω) and call X a Banach space of holomorphic functions.
In this section we assume furthermore the following evaluation condition:
Here we use the one-point compactification C ∪ {∞} of C. Of course if Ω is bounded this is not needed since there is no sequence (z n ) n ⊂ Ω converging to ∞.
Classical examples of such spaces are provided in Example 3.9.
Let G ∈ Hol(Ω) and denote by ϕ the semiflow generated by G. Let X ֒→ Hol(Ω) be a Banach space satisfying the evaluation condition (E), and let T be a C 0 -semigroup on X with generator A.
Then the semiflow ϕ is global and
Moreover the domain of A is maximal, i.e., A is given by
For the proof of Theorem 3.2, we use the following lemmas which will also be fundamental for Section 4.
In the following lemma A ′ denotes the adjoint of the generator A.
Lemma 3.4. Let f ∈ X and set u(t, z) = (T (t)f )(z). Then
for all t ≥ 0, z ∈ Ω and where, as usual,
Proof. Note that, using Lemma 3.3, we have:
for all z ∈ D and 0 ≤ t < τ (z).
Proof. Let u(t, z) = (T (t)f )(z) for a fixed z ∈ Ω and 0 ≤ t < τ (z). Now define w on [0, t] by
by Lemma 3.4. It follows that w(t) = w(0) with w(0) = u(t, z) and
So far we did not use hypothesis (E), but it is needed in the following lemma.
Lemma 3.6. One has τ (z) = ∞ for all z ∈ Ω, that is, the semiflow is global on Ω.
Proof. Assume that there exists z ∈ Ω such that τ (z) < ∞. Then there exist an increasing sequence (t n ) n converging to τ (z) and α ∈ ∂Ω∪{∞} such that lim n→∞ ϕ(
Proof of Theorem 3.2. It follows from Lemma 3.5 and Lemma 3.6 that T (t) is given by
Thus, it remains to show that the domain of A is maximal. Let f ∈ X such that g = Gf ′ ∈ X. Then, for z ∈ Ω,
Hence, for t > 0,
Therefore we have 1 t
Passing to the limit as t ↓ 0 shows that f ∈ D(A) and Af = g.
It is remarkable that the domain is always maximal and that for the complex differential operator boundary conditions never occur, in contrast to the real analogue. 
Finally, note that it is not possible to remove the hypothesis (E), as clarified by the following result. Proof. Let Ω := {z ∈ C : |z| < 2} and let
By the uniqueness theorem for holomorphic functions, the mapping Uf := f |D is a bijection from H 2 (Ω) to X, and then
defines a complete norm on X, with X ֒→ Hol(D). Moreover, the choice of the norm makes U an isometric isomorphism from H 2 (Ω) to X.
Let F : Ω → C be a holomorphic function such that Re(F (z)) ≥ 0 for all z ∈ Ω. Choose b ∈ Ω such that |b| > 1 and define G ∈ Hol(Ω) by
Applying Theorem 2.1 to Ω instead of D, it follows that G generates a global semiflow ϕ on Ω, i.e. ϕ : [0, ∞) × Ω → Ω satisfies
Moreover ϕ(t, ·) is holomorphic on Ω for all t ≥ 0, and the Denjoy-Wolff point of ϕ(t, ·) is b, i.e.
In particular, the semiflow does not leave invariant the open unit disc.
(Ω) whose generator is given by
Since U is an isometric isomorphism,
defines a C 0 -semigroup T on X, whose generator is given by
Claim: D(A) = {g ∈ X : Gg ′ ∈ X} and Ag = Gg ′ . Proof of the Claim. Indeed, let g ∈ D(A). Then U −1 g ∈ D( A), i.e. there exists f ∈ H 2 (Ω) such that Gf ′ ∈ H 2 (Ω) and f |D = g. Moreover,
Conversely, let g ∈ X such that Gg ′ ∈ X. Then there exists f ∈ H 2 (Ω) such that f |D = g and there exists h ∈ H 2 (Ω) such that h |D = Gg ′ . Thus, Gf ′ ∈ Hol(Ω) and
It follows that Gf ′ = h, and then Gf ′ ∈ H 2 (D). Consequently, f ∈ D( A) and so g = Uf ∈ D(A) and
The semigroup T is given for g ∈ X by
where f ∈ H 2 (Ω) such that f |D = g. But T (t) is not a composition operator since the semiflow does not leave D invariant.
Example 3.9.
a) The spaces H p (Ω), 1 ≤ p < ∞ satisfy Condition (E) for Ω = D or Ω = C + (the right-half plane). b) The disc algebra does not satisfy Condition (E). c) Let β = (β n ) n≥0 be a sequence of positive reals such that lim inf n→∞ β 1/n n ≥ 1, 1 ≤ p < ∞ and let
where 
Banach spaces with maximal domain
In this section we consider other conditions which are satisfied for the disc algebra (in contrast to (E)). The main assumption (maximality of the domain, see below) is very natural in view of the construction given in Proposition 3.8 .
Let Ω ⊂ C be an open connected bounded non-empty set. We assume that the boundary satisfies a weak regularity condition, namely that if D(z, r)\{z} ⊂ Ω, then z ∈ Ω for each open disc D(z, r) centered at z and of radius r > 0. This is certainly the case if Ω is simply connected. It is not difficult to see that this topological condition implies that the boundary of Ω has no isolated point.
Denote by e 1 the identity function, i.e. e 1 (z) = z for all z ∈ Ω. We say that the domain Ω is maximal for X if for each w ∈ ∂Ω and each ε > 0, there exists f ∈ X which does not have a holomorphic extension to Ω ∪ D(w, ε). Here we denote by D(w, ε) := {z ∈ C : |w − z| < ε} the disc centered at w and of radius ε.
We also consider the following density condition:
(D) For all w ∈ ∂Ω, there exists ε > 0 such that the space {f ∈ X : ∃ f ∈ Hol(Ω ∪ D(w, ε)), f |Ω = f } is dense in X.
Now, let G ∈ Hol(Ω) and assume that T is a C 0 -semigroup whose generator A is given by
Theorem 4.1. Let X be a Banach space such that X ֒→ Hol(Ω) where Ω is maximal for X. Suppose that e 1 ∈ X and that X satisfies the condition (D). Then the semiflow ϕ associated with G is global and
for all f ∈ X, z ∈ Ω and t ≥ 0. Moreover,
Proof. We consider the semiflow also for negative time, i.e. for z ∈ Ω,
We know from Section 3 that
Let u(t, z) := (T (t)e 1 )(z) for all t ≥ 0 and z ∈ Ω. Then u(t, ·) ∈ Hol(Ω) since it is in X, and moreover, by Lemma 3.5,
Since T (t)e 1 → e 1 in X, and therefore in Hol(Ω) as t ↓ 0, there exists t 0 > 0 such that T (t)e 1 is not constant whenever 0 ≤ t ≤ t 0 . Assume that there exists z 0 ∈ Ω such that t 0 := τ + (z 0 ) < t 0 , It follows that w 0 = u(t 0 , z 0 ) ∈ ∂Ω. Using (D), choose ε > 0 such that
Let U be an open connected neighborhood of z 0 such that u(t 0 , z) ∈ D(w 0 , ε) for all z ∈ U. Now set Ψ(z) = u(t 0 , z) for all z ∈ U and V := Ψ(U). Since Ψ is not constant, V is an open connected subset of C containing w 0 .
Let f ∈ X 0 and define the functions g and h on U by g(z) = f (u(t 0 , z)) and h(z) = (T (t 0 )f )(z).
The set U 0 := {z ∈ U : τ + (z) > t 0 } is open by [10, Chap.8, §7, Thm. 2]. Moreover U 0 is non-empty since ϕ(−δ, z 0 ) ∈ U 0 for δ > 0 sufficiently small. Note that for all z ∈ U 0 , u(t 0 , z) = ϕ(t 0 , z) and thus, by (4), g coincides with h on U 0 . By the uniqueness theorem for holomorphic functions g = h on U. In particular, if z ∈ U is such that u(t 0 , z) ∈ Ω, then (T (t 0 )f )(z) = f (u(t 0 , z)) for all f ∈ X 0 . The density of X 0 in X implies that, for all f ∈ X and all z ∈ U such that u(t 0 , z) ∈ Ω,
We may assume that U ⊂ Ω. Since Ψ = u(t 0 , ·) is not constant, the set {z ∈ U : Ψ ′ (z) = 0} is finite. Since, by our assumption, the boundary does not contain isolated points, ∂Ω∩V is an infinite set. Consequently, there exists z 1 ∈ U such that Ψ ′ (z 1 ) = 0 and Ψ(z 1 ) ∈ ∂Ω. Therefore, there exists an open neighborhood U 1 of z 1 such
Therefore we have shown that each f ∈ X has a holomorphic extension to V 1 which contradicts the hypothesis of maximality of Ω for X. Consequently τ + (z) ≥ t 0 for all z ∈ Ω and ϕ(t, ·) = u(t, ·) leaves invariant Ω for all t ∈ [0, t 0 ]. This implies that τ + (z) = ∞ for all z ∈ Ω. In fact, otherwise,
Let t 2 − t 0 < t 3 < t 2 , z ∈ Ω, and define w(t) = ϕ(t, z) for 0 ≤ t ≤ t 3 ϕ(t − t 3 , ϕ(t 3 , z)) for t 3 < t < t 3 + t 0 .
Then w solves (2) on [0, t 3 + t 0 ]. Thus τ + (z) ≥ t 3 + t 0 > t 2 for all z ∈ Ω, contradicting the definition of t 2 .
We have shown that the semiflow ϕ is global. Now we conclude as in the proof of Theorem 3.2.
Example 4.2. The disc algebra satisfies the density condition (D) and has D as maximal domain. For this space also sufficient conditions are known when global semiflows lead to a C 0 -semigroup (see [6] and the references given there).
Concluding, Theorem 4.1 allows us to give a complete characterization for all the spaces mentioned in the introduction.
Conclusion
Let X be one of the following spaces:
(1) the Hardy spaces Then the following conditions are equivalent:
(ii) the semiflow ϕ generated by G is global. In that case T is given by
Proof. (ii) ⇒ (i): we refer to [6, Section 4] . (i) ⇒ (ii): The space X contains the polynomials as dense subspace in each case. Thus the density condition (D) is satisfied. Moreover, the disc algebra is contained in X, when X = D, which shows that D is maximal for X = D. For X = D, since f ∈ D if and only if f ′ is in the Bergman space A 2 , D is also maximal for D. Now Theorem 4.1 shows that (ii) holds and that T has the desired from.
Conformal equivalence
The study of (global) semiflows is very advanced on the open unit disc, but also other domains occur (see the monographs [14, 13] ; also Berkson and Porta [5] consider the disc and the half-plane).
If the domain is simply connected, for the question we treat here, it can always be reduced to an equivalent problem on the disc. The price to be paid is to lose a natural norm on the given Banach space. We make this more precise.
Let Ω be a simply connected domain different from C and let X(Ω) ֒→ Hol(Ω) be a Banach space. Consider a conformal mapping h from D onto Ω. Then X(D) := {f • h : f ∈ X(Ω)} is a Banach space with the transferred norm and X(D) ֒→ Hol(D). Then C h f = f • h defines an isomorphism from X(Ω) onto X(D). Now let G ∈ Hol(Ω) and let T be a C 0 -semigroup on X(Ω) whose generator A is given by D(A) = {f ∈ X(Ω) : Gf ′ ∈ X(Ω), Af = Gf ′ }.
Then S(t) := C h T (t)C . Thus B has the same form as A. Moreover, if S is given by a global semiflow ϕ on D, i.e. S(t)g = g • ϕ(t, ·), then T is given by the global semiflow ψ on D defined by ψ(t, z) = h(ϕ(t, h −1 (z))) (t > 0, z ∈ Ω), T (t)f = f • ψ(t, ·).
Therefore a criterion on X(D) leads to a criterion on X(Ω). However, X(D) might carry a norm which is not easy to compute. We give now a more concrete example. Consider Ω = P, the upper half-plane. Then h(z) = i It is no longer of the form we consider here and is rather an additive perturbation of our usual form. If S consists of composition operators, then S will consist of weighted composition operators, which are much more complicated to handle. We refer to [12, 
